Introduction. Our aim in this paper is to extend (Theorem 1.7) to general algebras a classical result of Lie algebras due to Léger and Togo [6]. This extension requires, in turn, extension to general algebras of the concept of characteristically nilpotent algebras introduced by Dixmier and Lister [3] for Lie algebras. Based on this extended concept, we introduce in § 2 a new concept of radical (and semisimplicity) for general algebras and Lie triple systems. We study in some detail the consequences of the newly introduced concepts, furnishing necessary examples. With a stronger notion of characteristically nilpotent Mal'cev algebra arising out of these concepts, we obtain (Proposition 3.6) for such an algebra the parallel to the Leger-Tôgô result mentioned at the outset. In § 4, we deal with a further generalization of the concept of characteristic nilpotency leading to extension of very recent results of Chao [1] and Togo [12] .
1. In this section we introduce the notions of characteristically nilpotent algebras, characteristically solvable algebras (see [3; 10] ), and obtain some results relating to these concepts.
Let A be a non-associative algebra over an arbitrary field F and D {A ) the Lie algebra of all derivations of A. Let
AW = (ZxiDtlxi € A,Dt e D(A)}
and define inductively A [k+l] = {E ypj\ Jj £ A™, Dj £ D(A)}. Definition 1.1. An algebra A is said to be characteristically nilpotent (C-nilpotent) if there exists an integer n such that A [n] = 0.
Remark 1. If
A is a C-nilpotent algebra, then every derivation D of A is a nilpotent linear transformation on A. Conversely, if every derivation of an algebra A is a nilpotent transformation, then the associative subalgebra of linear transformations on A generated by the Lie algebra D(A) is nilpotent [4, Theorem 2.1]; this means precisely that A is C-nilpotent. Thus, A is C-nilpotent if and only if every derivation of A is a nilpotent linear transformation.
Remark 2. Suppose that L is a C-nilpotent Lie algebra with multiplication [x, y\. Since the mapping ad x: y -» [x, y] is a derivation for every x in L (by Engel's Theorem [4, p. 31] ), L will then be a nilpotent Lie algebra.
We recall that the annihilator ideal I of an algebra A is precisely the set of all absolute divisors of zero in A, and note the following necessary condition for C-nilpotency for an algebra.
LEMMA 1.2. The annihilator ideal I of a C-nilpotent algebra A is contained in AA.
Proof. Suppose the contrary. Let x be a non-zero element of / such that x $ AA. Then A can be written as the direct sum of the subspaces:
where T contains A A ; T is an ideal of A. The mapping 6 of A into itself defined to be zero on T and to be the identity on {ax} a^F is a non-nilpotent derivation of A, contradicting the assumption. This contradiction proves the lemma.
Let now K be an extension field of the base field F. Let A K be the algebra obtained by extending F to K. Then we assert that D(A K ) = (D(A)) K , the extension over K of the derivation algebra of A over F. An immediate consequence of this assertion would be the important fact that the algebra A is C-nilpotent if and only if A K is C-nilpotent. A proof of this assertion can be modelled on [5, (J ^ i) ). This observation immediately shows that A t should be C-nilpotent.
For the converse part, it suffices to observe that the proof of the result referred to against the proposition itself works for the general case, the role of centre (cent) therein being played by the annihilator ideal, in view of the availability of Lemma 1.2 (used in that proof). The details are omitted.
Remark 3. We incidentally note that \i A is a nilpotent algebra such that AD (A) C AA, then A is also C-nilpotent. ( Proof. Let D(A) = R 0 S, for the radical R of D{A) and a semisimple ideal S oi D(A). Now, A being solvable is also nilpotent. Consequently, the associative multiplication algebra (see [8] Remark 4. Proposition 1.5 holds for a solvable Lie algebra [10, Lemma 3] in the place of a solvable associative algebra. In the case of a nilpotent Lie algebra A, when D(A) is the direct sum of the nil radical and a semisimple ideal, we can conclude that A is C-nilpotent. We require the use of [6, Theorem 1] to arrive at this assertion. In fact, this auxiliary result finds its generalization in Theorem 1.7 below.
We recall now that a non-associative algebra A is said to be nilpotent, if there exists a fixed integer n such that all products of n elements of A are zero, irrespective of how they are associated [8] . For such algebras we can prove as in [6, Lemma 2] , the following result. To complete the proof of Theorem 1.7 we need a known lemma. This lemma (which is stated without proof, in its original source) is given below, with a proof for the sake of completeness. 
. A Lie algebra L is C-nilpotent if and only if D(L) is a nilpotent Lie algebra and L is not one-dimensional.
2. In this section we introduce a new concept of radical and the related notion of semisimplicity. Besides giving certain basic results relating to these concepts, we also give some examples.
Let B be a characteristic ideal of an algebra A. [2] . B [lc] is a characteristic subspace of A (by induction) and B 3 5 [2] 2 513] Z) . . . . We define B to be C-nilpotent if B™ = 0 for some k. We note that for a Lie algebra A, B [k] are characteristic ideals of A, and that a C-nilpotent characteristic ideal is a nilpotent ideal. A characteristic ideal B of A is a C-nilpotent ideal if and only if every derivation of A restricted to B is nilpotent. We then have the following result. PROPOSITION 
If A is a direct sum of characteristic ideals A u then A is C-nilpotent if and only if the A t are C-nilpotent ideals of A.
Let B and C be two characteristic ideals of A. Then it can be easily seen that
for any integer k. This observation immediately yields the following result.
LEMMA 2.2. The sum of two C-nilpotent characteristic ideals of an algebra A is again a C-nilpotent characteristic ideal.
Lemma 2.2 enables us to define the new concept of radical mentioned in the Introduction. Remark 6. Recalling (see [9] ) that the C-radical (C-nil radical) of a Lie algebra L is its maximal solvable (nilpotent) characteristic ideal, we note
Of course, when the base field is of characteristic zero, the C-radical (C-nil radical) coincides with the radical (nil radical). The question as to when the nil radical N of a Lie algebra L coincides with R has been settled by Togo [ This assertion follows directly from the fact that N' is a characteristic subspace (hence an ideal) of L. Definition 2.6. An algebra A is said to be Ci-semisimple if its Ci-radical is the zero ideal.
For a Lie algebra, the following implications are evident: simplicity =» semisimplicity <=> nil semisimplicity i i .
_ _ it
C-simplicity => C-semisimplicity «=> C-nil semisimplicity Ci-semisimplicity.
Remark 8. The concept of Ci-semisimplicity does not coincide with the classical semisimplicity even for a Lie algebra over a field of characteristic zero, unlike Seligman's concepts, as will be shown by our example later.
The following analogue of [9, Theorem 1] can be easily proved. PROPOSITION 
If R is the Ci-radical of an algebra A, then A/R is Ci-semisimple.
The following result is immediate from Proposition 2.5. Remark 10. If A is a flexible algebra over a field of characteristic 9^ 2, i.e., an algebra satisfying the identity (xy)x = x(yx), then x --> xy -yx is a derivation of the algebra A + associated with A (see [8, p. 146] ), so that any characteristic ideal of A + is a characteristic ideal of A. Further, since any derivation of A is a derivation of A + , it follows that the Ci-radical of A + is contained in the Ci-radical of A. Thus, if A is a Ci-semisimple flexible algebra, then so is A + .
We note the following interesting facts about the new concept of Ci-radical. A zero algebra happens to be trivially Ci-semisimple. If xy = 0 for every x, y in an algebra A, every linear mapping of A into itself is a derivation; the only characteristic ideals are 0 and A. Evidently, A cannot be C-nilpotent and the Ci-radical coincides with 0. The same example shows that a nilpotent algebra need not be C-nilpotent. Further, a characteristic ideal of a C-nilpotent algebra need not be C-nilpotent as an algebra: Let L be a C-nilpotent Lie algebra (e.g., see [3] 
characteristic abelian ideal of L which is not C-nilpotent as an algebra. A non-trivial example of a Ci-semisimple Lie algebra which is not C-semisimple is given by the Lie algebra with basis x x , x 2 , x 3 over a field As an example of a Ci-semisimple associative algebra we can cite the algebra A with basis e, x and multiplication defined by ex = 0 = x 2 ; e 2 = e\ xe = x.
For an example of a C-nilpotent non-associative (non-Lie) algebra, the reader is referred to [12] .
An example of a Ci-semisimple associative algebra is the algebra F 3. In this section we consider the concepts corresponding to those dealt with in earlier sections, for a Lie triple system, obtaining (Proposition 3.5) a sort of analogue for Mal'cev algebras of a theorem of Léger and Togo [6, Theorem 1].
Let T be a Lie triple system over a field F with composition [x, y, z] (see [7] for the details regarding Lie triple systems). Let D(T) be the Lie algebra of all derivations of T. Then, as for an algebra, T can be defined to be C-nilpotent if the series of subspaces
terminates with zero after a finite stage. The notions of C-nilpotent characteristic ideal, Ci-radical (which is well-defined here too) are clear. If R is the Ci-radical of T, T/R is Ci-semisimple (i.e., the Ci-radical of T/R is the zero ideal). Propositions 1.3 and 2.1 remain true for Lie triple systems. is the derived series of B, then it is easily seen that B {r) C B [r] for any integer r.
Thus, when B is C-nilpotent, B is solvable. Hence, the Ci-radical of T is contained in the C-radical of T (maximal solvable characteristic ideal of T) which is contained in the radical of T. In particular, a C-semisimple Lie triple system is Ci-semisimple.
Let us now consider a Mal'cev algebra A over a field of characteristic ^ 2 (this assumption on the characteristic is assumed without mention throughout the remainder of this section), i.e. an anticommutative algebra satisfying the identity (xy)(xz) = ((xy)z)x + ((yz)x)x + ((zx)x)y (see [7] ); let T A be the Lie triple system (see [7] ) associated with A, with the composition Thus we have the following result. PROPOSITION 
// A is a Ci-semisimple MaVcev algebra, then T A is a Ci-semisimple Lie triple system.
We now introduce a stronger notion of C-nilpotency of a Mal'cev algebra based on its Lie triple system. [7, Satz 1] , it follows that an SC-nilpotent Mal'cev algebra is a nilpotent algebra (i.e. there exists an integer n such that all products of n elements of A is zero, irrespective of associations). Thus we also see that SCi-radical of A is contained in the C-radical of A (maximal solvable characteristic ideal). In particular, a C-semisimple Mal'cev algebra is SCi-semisimple. It is not known as to whether a C-semisimple Mal'cev algebra is Ci-semisimple as an algebra or not.
Since a characteristic subspace of T A is a characteristic ideal of T A , the following characterization of the SCi-radical is evident, as in Remark 7. The above characterization shows that a characteristic ideal R of T A for an SCi-semisimple Mal'cev algebra A is itself SCi-semisimple as an algebra.
We shall call a Lie triple system T nilpotent if there exists an (odd) integer n such that all triple products in T involving n elements irrespective of the As in the proof of Lemma 1.8, we can show that dim C S 1. The system T A can be easily seen to be a nilpotent system. Thus we can appeal to Lemma 3.4 to deduce the following companion to Theorem 1.7, which is at the same time an analogue of the result of Léger and Togo [6, Theorem 1]. PROPOSITION 
A MaVcev algebra A over a field of characteristic ^ 2 is SC-nilpotent if and only if D(T A ) is nilpotent and A is not one-dimensional.
Remark 13. A proof of Proposition 3.5 as in the case of Theorem 1.7 (Lemma 1.8) using the "Fitting" decomposition does not seem to be possible here.
Suppose now again that A is an SC-nilpotent Mal'cev algebra. Then there exists an integer n such that all products of n elements of D(T A ) is zero. We can use this fact to show (by an easy computation) that the enveloping Lie algebra L = T A © D{T A ) of T A (with the multiplication in L being defined as in [7, § 4, p. 555] ) is a nilpotent Lie algebra.
Conversely, if the enveloping Lie algebra L of T A for a Mal'cev algebra A is nilpotent, then D(T A ) is a nilpotent Lie algebra, being a subalgebra of L. Also, A cannot be one-dimensional. Suppose, to the contrary, that A is onedimensional, i.e. A = {ax} aeF ,
for any r, and L cannot be nilpotent, a contradiction. Consequently, we have from Proposition 3.5 that A is an SC-nilpotent Mal'cev algebra. We have thus proved the following result. PROPOSITION 
A MaVcev algebra A over a field of characteristic y£ 2 is SC-nilpotent if and only if the enveloping Lie algebra L (=T A © D(T A )) of T A is a nilpotent Lie algebra.
4. In this section we formulate a generalization of the notion of characteristic nilpotency and study its properties. (For an example of a characteristic nilpotent algebra which is not Lie, we again refer to [12] .) Evidently, a strongly nilpotent algebra is nilpotent and vice versa. However, for an ideal of an algebra this concept differs in general from that of nilpotency.
We have the following result. [t~1]f C centre of N [1] ', hence of L. But dim N [t~1] ' is at least 2, a contradiction to the hypothesis that the centre of L is one-dimensional. Remark 18. We note that Theorem 4.6 can also be stated in particular for characteristically nilpotent algebras.
We also note that the proof given for the above theorem essentially works for the case of an associative algebra to yield the following result. 
